Using a novel and self-consistent approach that avoids the scalar-tensor identification in the Einstein frame, we reanalyze the viability of f (R) gravity within the context of solar-system tests. In order to do so, we depart from a simple but fully relativistic system of differential equations that describe a compact object in a static and spherically symmetric spacetime, and then make suitable linearizations that apply to non-relativistic objects such as the Sun. We then show clearly under which conditions the emerging chameleon-like mechanism can lead to a Post-Newtonian Parameter γ compatible with the observational bounds. To illustrate this method, we use several specific f (R) models proposed to explain the current acceleration of the Universe, and we show which of them are able to satisfy those bounds. PACS numbers: 04.50.Kd, 95.36.+x, 04.40.Dg
that single out a f (R) model 1 (simplicity favors f GR (R)). Moreover, among the most successful f (R) models proposed to explain the cosmological observations there is not a single one of those that has been shown to be compatible with all the remaining GR tests. In particular, since the discovery of f (R) theory as a potential tool to explain the late cosmic acceleration and the supernova Ia (SNIa) data, a controversy emerged regarding the failing of those models to explain the solar-system tests. The simple and heuristic argument which led to such a fallacious conclusion was based on the fact that one can recast f (R) gravity as a kind of Brans-Dicke (BD) theory but without a kinetic term for the scalar field. This amounts to a BD theory with a parameter ω BD ≡ 0. Nevertheless, we know from observations that 4 × 10 4 ω BD [14] . This bound results from the relation between ω BD and the Post-Newtonian Parameter (PNP) γ which is found to be [15] :
Therefore, the wrong and naive conclusion was that all f (R) models other than f GR (R) are ruled out by four orders of magnitude. Indeed for ω BD ≡ 0 one has γ = 1/2. This confusion was clarified later by recognizing that the above conclusion would be valid only if the scalarfield potential that results from the identification of f (R) models with the BD theory vanishes identically, which of course is not the case in general. Some years later, and with the advent of the so-called chameleon theories [16, 17] , it was apparent that theories propagating a scalar degree of freedom (DOF) and that couples nonminimally with the matter or the curvature (whether the scalar-field is described in the Einstein or the Jordan frame, respectively) can produce thin-shell effects (screening) capable of suppressing considerably its own propagation. The point is that in chameleon theories the effective mass of the scalar-field depends on the density of the medium where it propagates, and so, the scalar DOF propagates differently in different media. Consequently, for an f (R) theory to be consistent with both cosmological and local experiments, the equivalent scalar-tensor theory must behave like a chameleon field theory. The screening effects depend crucially on the shape of the scalar-field potential and the detailed values of its parameters, which for the f (R) theory at hand, this dependence translates into a specific form of this function. For instance, it was confirmed that one of the early proposals for the late cosmic acceleration given by f (R) = R−µ 4 /R [18] is indeed unable to produce the screening effects, besides suffering from other problems, thus leading to |γ − 1| ∼ 1/2, a value which, as mentioned before, is ruled out by about four orders of magnitude (see Ref. [19] for a detailed discussion on this model).
One of the difficulties in the analysis of the chameleon or screening mechanism is that it is a non-linear effect due to the presence of a non quadratic effective potential V eff (ϕ) in the equation of motion for the chameleon field ϕ [16, 17] . In addition, the study of such effect in the context of f (R) gravity complicates matters even more because the function f (R) has a natural built-in scale associated with the cosmological distances (or equivalently, tiny cosmological densities) which contrast drastically with the solar-system scales (or densities) which are much smaller (resp. larger) than the former. Thus a reliable analysis to solve the non-linear equation associated with the chameleon field requires one to handle a high numerical precision, which is usually beyond the capabilities of the standard number-crunching codes. Letting these technicalities aside for the moment, we feel that the analysis presented so far in the literature is not sufficiently convincing for a deep and simple understanding on when and how the screening mechanism takes place in f (R) gravity (cf. Section VI). Our main objection to those analyses is that they are rooted on the widespread standard method consisting of the idea that one should always recast f (R) gravity into a kind of chameleon theory in order to study the presence or not of a thin-shell effects. Such methodology entails the following steps: 1) defining a scalar field χ = f R (R) and inversion of all the variables depending on R so that they depend only on χ; 2) define a new chameleon like scalar-field ϕ = ϕ(χ) and a conformal (Einstein-frame) metric related to the original metric so that the original f (R) theory looks as much as possible as the putative chameleon theory (with a univer-sal coupling β). Most of the analyses presented so far use mutatis mutandis these two steps [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] among several other steps. In order to compare with the observational data one then requires to return to the original (Jordan frame) variables where physics finds a better and simple interpretation. On the other hand, very few analyses remain in the first step [23] , which amounts to dealing with a kind of hybrid (Jordan frame) scalar-tensor theory.
While we do not reject the conclusions of those studies, we do believe that all such back-and-forth transformations not only obscure and obstruct the understanding of the predictions of solar-system observables, but are also unnecessary to find or not a screening mechanism. Furthermore, many of the viable f (R) models used in cosmology are not even (globally) invertible in terms of the variables ϕ or χ and lead to potentials V (ϕ) that are not single valued (see some examples in [29] ). Thus, a rigorous analysis along those lines should at least provide explicitly the domains in which such transformations are (piecewise) invertible. This is important because those domains may depend on the physical scenarios where f (R) theory is analyzed (e.g. weak or strong gravity).
In order to avoid all such complications and present a straightforward and cleaner analysis, we follow the same approach that has been put forward in the past to treat f (R) theories [6, [29] [30] [31] [32] . This strategy consists of treating the theory directly from the original action functional and without performing any field redefinitions involving inversions and/or conformal transformations. In this way, we avoid the potential drawbacks described before, and in addition, we have the possibility of recovering the GR expectations in a simple manner as we will show.
Thus, our specific strategy to reanalyze the solarsystem tests and the emergence of a screening mechanism is as follows: 1) assume f (R) theory in the original variables; 2) assume a static and spherically symmetric spacetime (SSS); 3) derive the corresponding relevant equations (for the metric and for the Ricci scalar R); 4) assume a matter model for the Sun and its outskirts, notably, the solar corona (e.g. assume a perfect fluid approximation and an equation of state); 5) assume that the spacetime around the solar system is a linear perturbation of the Minkoswki spacetime and write the equations for the metric perturbations φ(r) and ψ(r); 6) perform suitable linear perturbations for the variable R(r) around the minima of an effective potential and find the corresponding equation for the perturbation; 7) assume a specific f (R) model and solve the resulting linear differential equations obtained in the previous steps under suitable boundary (regularity and asymptotic) conditions; 8) compute and compare the PNP γ with the observational bounds.
This strategy is based on the non-perturbative (strong gravity) approach developed in Refs. [6, 30] to analyze compact objects. When adapting the matter sector to the Sun and its neighborhood, that approach will allow us to study systematically which f (R) models are able to satisfy the bounds on the PNP γ around the solar sys-tem. The paper is organized as follows. In Section II we briefly review the field equations of f (R) theory in the (original) Jordan frame and discuss some basic properties. We also introduce some of the most popular f (R) models used in the cosmological setting that we are going to analyze. In Section III we assume a SSS spacetime to describe the spacetime around the Sun, and for the benefit of the reader, we provide the corresponding nonperturbative equations obtained previously in [6, 30] for a generic f (R) theory. In Section IV, which is the most important and novel part of the paper, we use the nonperturbative equations and perform a perturbative approach for the metric and the Ricci scalar indicating the precise place where the chameleon like effects appear and are important for recovering the observational bounds for γ. We use these analytical tools in Section V and confront the f (R) models presented in Sec. II with the bounds on γ. We then show which of those models are able to evade the stringent constraints placed by solarsystem experiments. Before presenting our final remarks and conclusions in Section VII, we contrast in Section VI our results with those obtained previously in the literature in order to have an overall picture of the differences and similarities between them.
II. f (R) GRAVITY
The f (R) theory is described by the following action functional:
where κ ≡ 8πG 0 (c = 1), f (R) is an a priori arbitrary function of the Ricci scalar R, and ψ represents schematically the matter fields. The field equation arising from variation of the action (2) with respect to the metric is
where
Alambertian and T ab is the energy-momentum tensor of matter. From this equation it is not difficult to show that T ab is conserved, i.e., ∇ a T ab = 0 [29, 33] . The trace of Eq. (3) yields
where T := T a a . Using (4) in (3) we find [30] G
where G ab = R ab − g ab R/2 is the Einstein tensor and (∇R) 2 := g ab (∇ a R)(∇ b R). We use Eqs. (4) and (5) as the fundamental field equations in this paper, much along the lines described in [4, 30] . As stressed in the Introduction, a remarkable feature of f (R) theory is that it can produce in a natural fashion an accelerated expansion of the Universe by generating an effective cosmological constant without introducing it explicitly. We see that Eq. (4) admits R = R 0 = const as a particular solution when the energy-momentum tensor of matter is traceless (T ≡ 0) provided R 0 is an algebraic root of the implicitly defined "potential" V(R) via its derivative:
Aside from some "exceptional" cases where both the numerator 2f − Rf R and the denominator f RR vanish at R 0 (for example the R n model [31] ), in general, if f RR (R 0 ) = 0, R 0 is only a root of the alternative "potential" (here the factor 1/3 is kept for convention):
The "potential" V (R) = −Rf (R)/3+ R f (x)dx is useful to track the critical points at R 0 , notably, the extrema (maxima or minima), at the places where its derivative (7) vanishes. The explicit expression for V (R) (or V(R)) can be computed once an f (R) model is provided (cf. Section II A), however, even so, V (R) it is not important, nor very enlightening either, as it is rather the derivative (7) which allows to locate the critical points denoted generically by R 0 (the reader interested in the explicit expressions for V (R) as well as its corresponding plots for some of the models of Section II A can consult references [4, 5] ). So, the three possibilities are for R 0 to be positive, negative or zero, which are associated with a de Sitter, anti de Sitter or Ricci flat (cosmological) background, respectively, and which give rise to an effective cosmological constant Λ eff = R 0 /4. In particular, in a vacuum, the solution R = R 0 makes the f (R) field equations to reduce to Einstein's field equations endowed with the above effective cosmological constant G ab = g ab R0 4 [29, 34] . Even with the presence of matter, f (R) models produce naturally and at late times the attractor solution R → R 0 , since, as the Universe evolves, matter dilutes with the scale factor as 1/a 3 or 1/a 4 , i.e. T ab → 0 as a → ∞, leading to an accelerated expansion of the Universe due to the emergence of Λ eff (see, however, Ref. [6] for an alternative possibility with a vanishing Λ eff ). The exact location of the critical point R 0 depends on the form of the f (R) model and also on the specific value of the parameters involved in this function.
A. f (R) models
The f (R) models considered in our analysis have to satisfy two basic requirements: i) have theoretical con-sistency, such as for example the stability at the classical and semiclassical levels, and ii) be able to pass the cosmological and solar-system tests. It has been shown before that the models described below fulfill the first requirement [35] . On the other hand, Jaime et al. [4, 5] have analyzed and confirmed the cosmological viability of the following models at the background level: the Hu-Sawicki model [36] , the Starobinsky model [20] , and the exponential model [37] . They also included the logarithmic model by Miranda et al. [38] (hereafter MJWQ model), a promising model at the cosmological background level, but which apparently suffers from several problems when analyzing the cosmological perturbations [39, 40] . The reason for taking into account this model is because we want to test until what extent the logarithmic models can be ruled out using the solarsystem tests as claimed in [41] . For several f (R) models, including those presented below, the predictions for the solar-system tests have also been analyzed in the scalartensor approach of the theory [36, [39] [40] [41] . On the other hand, these models are built in a way that, in the high curvature regime where |R| ≫Ȓ, the resulting expres- [20] :
where R s , q > 0 and λ > 0 are free parameters. This model not only satisfies the necessary conditions for the existence of a viable matter-dominated epoch prior to a late-time acceleration [42] , but also those conditions imposed by many cosmological observations such as CMB, SnIa, BAOs, cosmic chronometers, etc. ( [43] [44] [45] [46] [47] and many others). Following [4] we choose R s = 4.17H 2 0 and λ = 1 in order for the model to fit the cosmological observations.
The Hu-Sawicki f (R) model
This model is defined by the function [36] :
where m, c 1 , c 2 and n > 0 are its parameters. Following [36] and [4] we assume m 2 = 0.24H 2 0 , c 1 = 1.25 × 10 −3 , c 2 = 6.56 × 10 −5 . The constants c 1 and c 2 are dimensionless and can be fixed by demanding that this model mimics as close as possible the ΛCDM scenario while m 2 has the characteristic scale of the Universe H 2 0 . This model together with Starobinsky have been the most tested ones ( [43] [44] [45] [46] [47] [48] and many others) .
Exponential f (R) model
The specific exponential model we analyze here is given by [37] :
As in the the previous models, the parameters R * and β are fixed to match the cosmological observations assuming R * = 2.5H 2 0 and β = 2 [5] . The exponential f (R) has been analyzed by several authors [43, 46, 47] among many others.
MJWQ f (R) model
We also include the logarithmic model by Miranda et al. [38] :
We have already commented that this model faces important issues with the analysis of the cosmological perturbations [39, 40] . However, we include it in our analysis to further test the limitations of the logarithmic models at solar-system scales [41] . We take R m = H 2 0 and α = 2 which leads to a reasonable background cosmology [4, 38] .
III. STATIC AND SPHERICALLY SYMMETRIC (SSS) SPACETIMES
We shall now focus on a SSS spacetime as this has proved to be a very good approximation for analyzing the solar-system tests. Thus we assume the following metric:
Using Eqs. (4) and (5) we find the required equations for the metric components n(r) and m(r), and also for the Ricci scalar [6, 30] :
These equations reduce to the corresponding GR equations for a SSS spacetime when f (R) = f GR (R) = R−2Λ.
As concerns the matter sector, we consider a perfect fluid
where the pressure p(r) and the density ρ(r), are functions of the coordinate r solely. The hydrostatic equilibrium of this fluid is described by a modified Tolman-Oppenheimer-Volkoff (TOV) equation which arises from the conservation equation ∇ a T ab = 0. This equation takes the same form as in GR:
Taking into account Eq. (14) , the difference of Eq. (17) with that of GR, is that n ′ has additional contributions coming from the nonlinear f (R) models that have been proposed as dynamical dark-energy. Otherwise, Eq. (17) has exactly the same form as the TOV equation in GR. Equation (17) , which describes the hydrostatic equilibrium of an object, which we will take it as the Sun, completes the set of differential equations. As concerns the equation of state (EOS) associated with the Hydrogen-Helium-photon content in the Sun we can assume different approximations. Clearly the simplest one consists of taking an incompressible fluid (i.e. constant density fluid) where the energy-density is given by a step function. So, the energy density ρ is a nonzero constant ρ ⊙ within the Sun (the Sun's average density) and ρ = ρ cor in the solar corona region. Outside the solar corona we assume the average density of the interstellar medium (IM) ρ IM . Thus, the total density is given by a three step function, each step representing the Sun's interior, the corona and the IM, respectively, with a jump discontinuity at the junction of the different media.
In this way, Eq. (17) can be integrated without giving any further EOS. This approximation for the EOS is sufficient to deal with the chameleon like effects. More detailed studies take into account more sophisticated EOS for the Sun and the corona [20, 23, 36] , nevertheless, as we show here, those details are irrelevant for recovering the solar-system tests.
The numerical integration of the equations presented in this section could be performed following the approach described in [30] , which was used later in [6] . However, we shall not pursue that strategy here since the numerical accuracy required to deal simultaneously with both the actual densities within the Sun, and the cosmological densities involved in the viable f (R) cosmological models is very high and beyond the capabilities of a number-crunching method. Nonetheless, dealing with the full non-linear system of equations presented above represents the cleanest, most accurate and straightforward approach in the analysis of the solar-system tests, even if a priori we know that the Sun is not in the strong gravity regime. By doing so, the screening (or its absence thereof) should appear naturally in the solution depending on the specific f (R) model adopted, and then one can assess if the parameter γ = |1 − m(r)|/|1 − n(r)|, in the neighborhood of the Sun, is compatible with the observational bound (1) .
In order to avoid all the numerical complications involved in the full-fledged and non-linear treatment described in the preceding paragraph, and within the aim to understand in more heuristic fashion the way the chameleon effects appear, we shall pursue a simplified approach and perform suitable linearizations and approximations in Eqs.(13)− (15) . Following this strategy we can find simple analytic expressions for the perturbations associated with metric components n(r) and m(r). The metric perturbations will lead to a parameter γ which depends explicitly on the Ricci scalar R. Ultimately the analysis of R, which represents the scalar DOF associated with the f (R) theory, will lead to a successful or a failure value for γ.
IV. NON-STANDARD LINEAR ANALYSIS
For the analysis of the solar-system tests, and more specifically, when confronting the theoretical expectations of the parameter γ with the observational bounds, we will be dealing with a non-standard linearization method. This method is based on the fact that the metric around the Sun, as one realizes from the GR analysis, is very close to the Minkowski metric given that the spacetime around the Sun corresponds to a weak gravitational field. Thus we define
and assume |φ(r)| ≪ 1, |ψ(r)| ≪ 1, and |κT ab /ℓ 2 | ≪ 1, where ℓ ∼ 150 A.U. (A.U. stands for the astronomical unit) is a scale of the order of the solar-system size.
That is, we assume that φ and ψ are perturbations of the underlying Minkowski metric, which is assumed to be the background metric in the neighborhood of the Sun. Strictly speaking, the Sun is immersed in the interstellar medium (IM) which in turn is immersed within a cosmological background (e.g. the dark energy). All these density layers around the Sun, if considered as constant in average, contribute to the metric in the form of an effective "cosmological" constant in each substratum. In GR one usually ignores those contributions to the metric around the Sun given that for the IM κρ IM r 2 ∼ 10 −21 − 10 −30 which is very small compared with φ(r) ∼ ψ(r) G0M⊙ R⊙ × R⊙ r ∼ 10 −6 × 10 −4 = 10 −10 in regions outside the Sun, i.e., R ⊙ < r 150 A.U., where M ⊙ and R ⊙ are the Sun's mass and radius, respectively. The contribution of an effective dark energy is Λ eff ∼ 10 −30 A.U. −2 , therefore Λ eff r 2 ≪ |φ|, |ψ|. Given these figures, current solar-system experiments are, in principle, unable to detect the effects of the contributions in the metric due to the IM and the dark energy as effective cosmological constants.
However, it turns out that in modified theories of gravity, especially, the ones that require a chameleon-like effect to suppress the scalar-degree of freedom that can potentially spoil the solar-system tests, the contributions of such densities are crucial. Actually, one of the key aspects of chameleon models is that the effective mass of the chameleon field depends on the density of the environments through which it propagates. Thus, a priori, one cannot neglect those densities, notably, the effects of the corona and the IM density in the chameleon equation, unless the model itself reveals that one can do so.
These considerations lead precisely to what we consider as a non-standard linearization method. We proceed as follows. For the metric perturbations we keep the above prescription but in the matter terms we include the IM contributions. It is at the moment of imposing boundary conditions, namely, asymptotic conditions, that we shall deal with the specific asymptotic form of φ(r) and ψ(r) outside the Sun. The key issue arises in the way one treats the Ricci scalar R(r) perturbatively. In the naive approach, which we include in Appendix A for pedagogical purposes, one assumes that R(r) =R(r) + R 0 is a perturbed solution around just one minimum R 0 which corresponds to the minimum that produces an effective cosmological constant R 0 = Λ eff /4. Then one linearizes Eq. (15) forR(r). Proceeding this way is equivalent of inhibiting all the chameleon effects, that is, the screening mechanism within the Sun and the corona, regardless of the specific form of the non-linear f (R) model. The perturbationR(r) then backreacts considerably in the metric perturbations, notably in ψ(r), providing additional contributions which are of the same order of ψ(r) itself leading then to an unsuitable γ ≈ 1/2. This naive, although, inappropriate linearization scheme is the one that was considered in the early stages of the analysis of f (R) theories within the solar-system tests and which led to the (wrong) conclusion that all non-linear f (R) models are ruled out (cf. Appendix A).
Owing to this drawback, we are forced to follow a different strategy. The idea is that when taking into account the Sun, the corona and the IM, the three media will produce a different effective scalar-field potential for R, each one with its corresponding minimum at R in,cor,IM min . Thus, in order to take into account the chameleon-like effect, and if a linear method proves to be valid, we require to linearize Eq. (15) around each minimum, i.e., around three non-perturbed backgrounds (the Sun's interior, the corona, and the IM), which is a quite nonstandard method. Notwithstanding, it is important to stress that this method is not totally novel since in the original chameleon model a similar linearization method that takes into account different media has proved to be valid in certain regimes (e.g. the thin and thick shell approximations) [16, 49] . The difference here is that we are taking into account the backreaction of the chameleon like effects on the gravitational field generated by the Sun. Actually, the perturbationR(r) that allows one to interpolate R(r) between the three minima, R in,cor,IM min , will not be necessarily a small perturbation relative to R in,cor,IM min , as the three minima can be very different from each other precisely due to the contribution of the three completely different values of the densities to the three effective scalar-field potentials. This is precisely one of the complications that emerges when trying to analyze chameleon models, which are inherently non-linear ones, with linear approximations. We can, however, proceed with this non-standard linearization method as long as we implement it with care. In fact, if the chameleon effect ensues, the interpolation between the three minima occurs basically within confined thin-shells of very small size. Thus, even if the error on the approximate solution for R(r) committed in these shells turns out to be large, the error remains in these narrow shells. Different linear approximations for the effective potentials can be implemented in order to decrease that error. In particular, due to the screening effects, one expects that inside the Sun and the corona the Ricci scalar will remain very close to their minima, i.e., R I (r) ≈ R I min (where I = in, cor) except perhaps within a (narrow) region near the edge of the Sun and the corona where R(r) interpolates between the two minima, R in min and R cor min . On the other hand, in the IM we expect R(r) ≈ R IM min +R IM (r), where |R IM (r)/R IM min | ≪ |ψ|, |φ| if the screening happens. It is the quantityR IM (r) that can contribute to the metric potentials outside the Sun, but if suppressed, it will not spoil the observational bounds for γ. On the other hand, chameleon-like screening mechanisms depend on the medium density. Therefore, an appropriate description of the solar corona should be included when considering solar-system tests. Thus, we stress that we take into account the corona not because we want to model the bending of light due to the optical effects produced by the media (i.e. refraction), but because the corona can increase the chameleon-like effect and mitigate the abrupt decrease of densities (between the Sun's interior and the IM). The corona helps to smooth further the transition of the field R(r) between the Sun's interior and the IM. We checked that if the corona is not included in the analysis the screening is less effective and may lead to a value of γ that is ruled out by observations. Moreover, the effects near the Sun's surface may be important since the observational value of γ is measured when the Earth and Saturn are in conjunction.
Consequently, we consider perturbations inside the Sun, inside the Sun's corona and outside the corona around the location of the respective minima R in,cor,IM min associated with the respective effective potentials (see Section IV B below):
In Section IV B we solve Eq.(15) perturbatively for eachR in,cor,IM (r) (the Sun's interior, the corona and the IM region) and then match continuously the three solutions at the transition zones r = R ⊙ and r = R cor in order to obtain a full solution R(r), within the three layers. Our goal is then to analyze the extent to which the backreaction of R(r) into the metric potentials φ(r) and ψ(r) (at this level of approximations) and for some specific non-linear f (R) models, leads, due to the screening, to the value γ ∼ 1 required by the observations in the solar system. As shown in Section IV B the screening can occur but, unlike the original chameleon model [16] , it is basically due to an exponential suppression outside the Sun rather than due to a thin-shell parameter. Thus, in this paper, and under the way we treat f (R) theories, we allude to a screening rather than to a thin-shell effect 2 .
As stressed above, in order to deal with Eq. (15) we will adopt additional approximations. For instance, we will neglect the contributions of the curved spacetime only in this equation. That is, in that equation we take n(r) = 1, and m(r) = 1. The reason behind this assumption is because we know that the screening, chameleon-like effect emerges from the behavior of R(r) itself and not from the metric perturbations. This is a fact that is observed in the original chameleon analysis proposed by Khoury & Weltman [16] as well as in many other subsequent investigations (see [17] for a review), where one neglects the backreaction of the metric into the chameleon field. 2 In the original chameleon model [16] , the scalar-field ϕ(r) outside a high density spherical body of radius R has the following form ϕout(r) = ϕ out min + const × ∆R R × e −mr r (being m = m out ϕ,eff ). In that model when the screening effects take place, the following conditions occur, m out ϕ,eff r ≪ 1 and ∆R R ≪ 1. Thus the screening is mainly due to the thin-shell parameter ∆R R and thus ϕout(r) ≈ ϕ out min . Under the present approach, outside the Sun, notably, in the corona region,Rcor(r) behaves like |ϕout(r) − ϕ out min | except that the coefficient that multiplies the Yukawa term is not necessarily "small", however, the quantity m cor eff r is sufficiently large to suppressRcor(r) at the place it reaches the IM layer. See Section IV B for the details. This is presumably a good approximation in the weak field regime. Moreover, this approximation is also consistent with the linearization method that we outlined previously, and therefore Eq. (15) , which is associated with the perturbationR(r) (in its three layers), is treated in a flat spacetime background. Indeed, the most important features to take into account in this equation are the effective potentials inside the Sun, and outside (the corona and the IM), which depend on the details involved in the function f (R) itself and on the densities of the Sun, and the two outer layers. 3 Thus, we first proceed to insert Eqs. (18)- (20) into Eqs. (13)- (15) and keep only the terms linear in φ, ψ, R and linear in the matter terms T ab . We remind the reader that by following this approximation we are assuming that the metric around the Sun is very close to the Minkowski metric and that φ, ψ are only metric perturbations, much as one does in GR when taking the weak field limit. Thus, we assume |R I /R I min | ∼ |φ| ∼ |ψ| ∼ κρr 2 where the script I stands for "in", "cor" and "IM" (see Section IV B for the details on the total ρ). If our previous assumptions were invalid, that is, |ψ| ≪ |R I /R I min | or |φ| ≪ |R I /R I min |, one could not expect a weak field limit in the solar system, which does not seem a very appealing situation.
A. Linearization of metric perturbations
A straightforward calculation leads to the following linearized equation for ψ:
where R min corresponds to the location of the minima (if they exist) of the effective potential V eff (R, T ) inside and outside the Sun satisfying
In Eqs. (21) and (22) all the quantities are evaluated inside and outside the Sun, but for brevity we omit the "in", "cor" and "IM" labels, although later we will be more explicit in this matter. Since we will assume f RR | Rmin = 0 (see below), then Eq. (22) reduces to
At the minima, the effective mass associated with R is
We appreciate that the effective mass m eff depends explicitly on the density ρ ≈ −T of each of the three media 4 . One requires f R > 0, notably at the minimum, in order to have a positive effective gravitational constant G eff = G 0 /f R . Moreover, for weak fields one expects R ∼ κρ, and so, R ≥ 0. Thus, in order to have a positive m 2 eff , assuming, R min > 0 and f R > 0, one demands the following two conditions: f RR | Rmin > 0 and Rf RR | Rmin < f R | Rmin . Specific f (R) models not satisfying these conditions seem unsuitable to produce a physically reasonable scenario, whether at the solar system level or as a cosmological model. For instance the model f (R) = R − µ 4 /R has f RR = −2µ 4 /R 3 which is negative for R > 0, and it has an effective potential with extrema at
In particular, in regions where the density vanishes (vacuum) R ± = ±µ 2 √ 3. The value R + > 0 is required for the model to generate a positive Λ eff , and thus, a late accelerated expansion of the Universe. Then taking R + = µ 2 √ 3 leads to m 2 eff = −3µ 2 / √ 3. Due to the problematic result m 2 eff < 0, this model is not only prone to tachyonic instabilities [50] , but also unable to exhibit the screening effect that is needed to suppress the influence of the scalardegree of freedom on the metric, and thus, it is unable to pass the solar-system tests.
At this point it is worth remarking that in GR f RR ≡ 0,
The vacuum (exterior) solution of this equation is simply ψ ext (r) ≈ const/r, which when matching with the in-
, which is the well-known weak-field-limit solution in vacuum around the Sun. If one includes the IM in the GR solution one has ψ ext (r) ≈ G 0 M ⊙ /r + κρ IM r 2 /6. Assuming κρ IM ∼ 10 6 Λ eff (i.e. ρ IM ∼ 10 6 ρ cosmo ), the second term is still ten orders of magnitude smaller than the first one in the neighborhood of the Sun, so we can neglect it as well, as we mentioned earlier.
The most important aspect of our analysis is when f (R) = f GR (R) and thus, we have to take into account the terms withR ′ andR in Eq. (21) .
An interesting aspect of Eq. (21), as well as its nonlinear version Eq. (13) , is that it is completely decoupled from n and thus, from φ. Eq. (21) is coupled to the scalar DOF of the theory represented byR, and is also coupled to the matter terms. However, since we shall assume a perfect and non relativistic incompressible fluid for the Sun, for the Sun's corona and for the IM, we shall have T t t = −ρ = const and T = −ρ + 3p ≈ −ρ = const (except for the discontinuities of the density at r = R ⊙ and r = R cor ). Hence, the matter sector will be also decoupled from this metric perturbation and we do not need to solve for the matter part within the incompressible-fluid approximation. The price to pay is that ψ will have a caustic at r = R ⊙ and r = R cor (i.e. ψ is continuous but not differentiable at those places) where ρ experience a jump. This drawback happens as well in GR when using an incompressible fluid for the Sun and will not affect our conclusions.
Let us now consider Eq. (21) inside the Sun, and use (23) in this region.
If within the Sun the following conditions are verified
then from Eq. (23) one expects
That is, inside the Sun ψ ∼ κρ ⊙ r 2 and from Eq.(28) we conclude ψ in ∼ R in min r 2 . The same approximation holds outside the Sun, given that −κT cor,IM r 2 ∼ κρ cor,IM r 2 ∼ ψ cor,IM | r∼Rcor,IM . If conditions similar to (26)-(28) hold outside the Sun (with ρ ⊙ replaced by ρ cor or ρ IM ), then ψ cor ∼ GM⊙ R⊙ × R⊙ r +R cor min r 2 GM⊙ R⊙ +R cor min r 2 ∼ ψ in (R ⊙ )+ κρ = const andR ≡ 0, that is, assuming that R is a step function proportional to the density, and neglecting the term r 2 ψR min relative to ψ:
R cor min r 2 and similarly ψ IM ψ in (R ⊙ )+R IM min r 2 . As a consequence for ψ in,cor,IM the term 2ψr 2 (R min f Rmin +f min ) ∼ 4r 2 R min ψ ∼ 4r 2 κρψ ∼ 4 × O(ψ 2 ). In this way Eq. (21) can be approximated everywhere by:
where for brevity we have not included the "in", "cor" and "IM" labels in the above equation. Using Eq. (23) in (29) we obtain
which can be written as
where as before we used T t t = −ρ and T = −ρ+3p ≈ −ρ. It is important to provide some insight about the final expectations concerning the chameleon or screening effects when the latter take place within some of the specific non-linear f (R) models. In order to do so, and for the sake of the following heuristic argument, we do not take into account the solar corona and consider only two regions: the interior of the Sun and the IM as a single environment. If the chameleon-like effects were ideal, then within the Sun R in (r) ≈ R in min , and outside
, except within a very narrow region at r = R ⊙ where R(r) would experience a sharp decreasing (almost a discontinuous jump). Under the current approach we consider that R(r) is C 1 at the edges, soR is not exactly zero everywhere, although it is sharply peaked within a narrow region near the edges of the layers. In principle, these narrow regions can be made arbitrarily small in an ideal screening mechanism, in which caseR becomes like a Dirac delta, and soR ≈ 0 inside and outside the Sun except near the edge and as we approach this limit the full solution for R(r) becomes an almost perfect step function with the "step" localized at r = R ⊙ .
In that case the interior solution of Eq. (31) is given simply by
where, like in the GR case, the integration constant was set to zero imposing regularity at the origin r = 0, i.e. that the metric component m(0) = 1 = 1 + 2ψ(0), and so ψ(0) = 0 [cf. Eq. (19)].
On the other hand, outside the Sun
If one simply neglects the contribution of the IM in the exterior solution (where f min,out ≈ κρ IM ), then
Matching the interior and the exterior solutions at r = R ⊙ , one finds
Furthermore, in an ideal screening scenario f min,in = R min,in ≈ κρ ⊙ and f Rmin,in = 1 then const ≈ G 0 M ⊙ , and so
and we recover the GR expectations for ψ. We shall illustrate later that under such approximations φ out ≈ ψ out and the PNP γ ≈ 1 is recovered. Thus, we conclude that an ideal screening allows us to recover the GR limit. Notwithstanding, and within the context of a more realistic model for the Sun that we put forward, which includes the solar corona, the screening effect is not an ideal one, but it has to ensure that, while R(r) is not exactly a perfect step function, and soR(r) is not exactly null,R(r) must be very small almost everywhere (i.e.R(r) ≪ R min , except perhaps within narrow regions near r = R ⊙ and r = R cor ). In such an instance, the effects of the scalar DOF become sufficiently small so that it backreacts very weakly in the solutions for ψ and φ. The effective mass, m in,cor,IM eff (24) is the quantity that modulates the behavior ofR(r) in the different layers.
As concerns the linearization of Eq. (14), we proceed in a similar fashion as for the linearization of Eq. (13) and obtain
If conditions similar to (26)-(28) hold inside the three regions the previous equation can be approximated by:
where we used R min ∼ −κT , and so r 2 R min ∼ O(ψ), and, thus, in the right-hand-side (r.h.s) of Eq. (37) we neglected a term 
Taking T r r = p we find
In GR Eq. (39) or (40) reduces to 6
when neglecting the pressure term T r r = p. Unlike ψ ′ , we appreciate from Eq. (41) that the derivative φ ′ is continuous at r = R ⊙ and r = R cor even in the incompressible fluid approximation because in this case ψ is continuous. For instance, at r = R ⊙ , φ ′ | R⊙ ≈ − ψ r | R⊙ , which is well defined even if the density experiences a discontinuous jump at r = R ⊙ (i.e. φ turns out to be C 1 at R ⊙ ). Clearly the exterior solution of Eq. (41) in vacuum is φ ext (r) ≈ G 0 M ⊙ /r = ψ ext . Thus we recover the PNP γ = |ψ ext /φ ext | ≈ 1 + O(δ), where δ 10 −6 stands for φ and ψ (i.e. the δ corrections appear when taking into account the quadratic corrections in the metric). Since we shall impose thatR is at least C 1 at R ⊙ , we will not encounter a discontinuity in φ either even when we assume the non linear models f (R) = f GR (R) and thus, when we take into account the contributions of the scalar DOFR. 6 Differentiating Eq. (41) and using (25) and Eq. (41) again we obtain 1
where ∇ 2 stands for the Laplacian in spherical coordinates. In this way we recover the Newtonian equation for the gravitational potential Φ = −φ(r).
We can subtract Eqs. (30) and (39) and obtain
In the GR case this equation reduces to
In vacuum this equation leads to φ ext (r) = ψ ext (r) as before 7 . For the interior and exterior solutions T r r = p and T t t = −ρ and for a non-relativistic fluid such as the Sun, the corona and the IM, p ≪ ρ, thus we can neglect the pressure term 8 .
Next we argue why part of the second term in Eq. (42) can be neglected everywhere. For this, we analyze the dimensionless quantity R min f RRmin /f Rmin . We are interested in testing f (R) models that were proved to be cosmologically viable. Those Table I ). 7 In the full non-linear GR case one obtains nm = −gttgrr = 1 when the EMT satisfies the condition T r r = T t t (see Ref.
[51] for a thorough discussion). This result can be extended to modified metric theories of gravity if the theory can be written as G ab = κT eff ab and if and only if the effective EMT of the underlying theory verifies the conditions T r eff, r = T t eff, t in area coordinates of SSS spacetimes. 8 The pressure term will be relevant only in the TOV equation because it is the pressure that maintains the hydrostatic equilibrium, within the Sun in this case. For our purposes it is not relevant to take into account this equation because, as stressed before, the equations for ψ, φ andR are not coupled to p, but only to ρ when assuming the non-relativistic condition p ≪ ρ, as well as the constant density fluid. Now, let us analyze the third line of Eq. (42) in the IM, for simplicity, although numerically we will take into account the corona as well. We can write:
By the same arguments given above,
We computed the quantity F 1 (z min )/z min in the IM for the four f (R) models considered in this paper (see Secs. II A and V) and found that it is always very small (see Table II ), and f R IM min ≈ 1. Therefore we conclude that f min,IM ≈ R IM min and 1 − fmin 2RminfR min Rmin=R IM min 1. Moreover,
where λ < 10 −21 is a dimensionless coefficient. 
Now, if R IM min ≈ κρ IM , and by hypothesisR IM ≪ R IM min , we obtain
Integrating this equation from r = R cor to r ≤ R IM ∼ 150 A.U. we find
where the integration constant is fixed by demanding ψ IM ≈ φ IM at r = R IM . Previously we showed that κρ IM R 2 IM ∼ 10 −21 , and since
≤ 1 in the IM, we conclude that the term involving ρ IM is negligible. Moreover, we also expect thatR out (R IM ) ≈ 0 so that R(R IM ) ≈ R IM min , and by hypothesisR IM (r)/R IM min ≪ 1. Finally, r/R IM ≤ 1. All these considerations imply that the terms multiplying λ, including the term involving the integral, are very small compared with ψ IM (r) and φ IM (r), both of which are of the order G 0 M ⊙ /R ⊙ ∼ 10 −6 . In fact, using the mean-value theorem it is not difficult to see that the term involving the integral is bounded by 2λ and λ 10 −21 . So we obtain
From the condition ψ IM (R IM ) ≈ φ IM (R IM ), we conclude that the integration constant is negligible as well. Thus, from Eq.(49) it is possible to find a solution for φ IM (r) in terms of the additional perturbations:
The perturbation ψ IM (r) will be computed from Eq. (31). The second term on the r.h.s. of Eq. (50) is precisely the one that includes the chameleon like effects or screening, depending on the behavior ofR IM (r). So, when the screening effects take place, the Ricci scalar perturbatioñ R IM (r) is suppressed by the Yukawa behavior associated with m IM eff (see Section IV B below) and so the contribution to the metric perturbations due toR IM (r) becomes very small, and the chameleon effect of the theory allows one to recover the GR expectations. Moreover, according to Table I the factor z IM min × d 2 F1 dz 2 | z IM min ≪ 1, produces an additional suppression of the scalar DOF on the metric perturbations. In reality, and for some f (R) models, some of the terms that involve the coefficient λ in Eq. (48) might be of the same order of magnitude as the second term on the r.h.s of Eq. (50) . Nevertheless, all such terms turn out to be very small when the screening occurs. For instance, one can take additional terms proportional tõ R IM (r) [cf. Eqs. (63) and (64)].
However, for f (R) models not satisfying the previous considerations, the second term on the r.h.s of Eq. (50) is of order ψ IM (r) and φ IM (r), and thus, the scalar DOF destroys the GR predictions implying the unviability of those specific modified-gravity models.
In Sec IV B below, we perform an analysis similar to Eq. (42) taking into account the corona region R ⊙ ≤ r ≤ R cor as well. Moreover, in order to complete the analysis of the full system of linearized equations we need to study the linearization method for Eq. (15). In the following sections we present the linear approximation of this equation, and thus, analyze the perturbationR(r), its solution and the way the latter backreacts on the metric. Then we provide numerical results for the quantity γ(r) := ψ(r)/φ(r) outside the Sun and confront them with the observational bound (1) for several of the cosmological viable f (R) models.
B. Linearization of the Ricci scalar equation
First, taking Eq. (15) in a Minkowski background yields
where we omit for the moment the labels "in, cor, IM" associated with the solutions in those regions. In most treatments [19, 23] , this equation is written in terms of the scalar field χ = f R :
where R and f (R) are implicit functions of χ. However, the disadvantage of using Eq. (52) over Eq. (51) is that we have to invert all functions of R in terms of χ which is possible globally (i.e. in the entire domain for R) provided f RR = 0, namely f RR > 0, in order to avoid instabilities [50] . This condition does not hold globally in all cosmologically viable f (R) models like in the Hu-Sawicki [36] and Starobinsky [20] models but only piece-wisely (cf. [29] ). We shall then deal with Eq. (51) . After all, the chameleon effect is a physical one and cannot depend on the change of variables, particularly in cases where the transformation from R to χ is well defined globally.
Except for the term involving R ′2 , Eq. (51) has a structure very similar to that of the original chameleon equation. For instance, the terms κT /f RR and (2f − Rf R )/f RR in Eq. (51) play the same role as the terms − √ κβT ϕ and dV /dϕ, respectively, of the original chameleon equation [16] , where dV /dϕ is defined in terms of the fundamental (bare) potential of the theory. Thus, the key part in the analysis for the recovering of the solarsystem tests is a detailed study of Eq. (51) and, in particular, the way R(r) backreacts on the perturbed metric. Although the approximate Eq. (51) still is non-linear and it can only be solved numerically in general, like it happens in the original chameleon model [16] , we can approximate it linearly by following the non-standard approach described before: we linearize Eq. > 0. That is, in each region we approximate the effective potential quadratically around each minima, which amounts to approximate Eq. (51) linearly around the corresponding minima. We then solve the resulting equations in each region and then match continuously the solutions at the border of each layer. This is a good approximation provided R in,cor,IM (r) ≈ R in,cor,IM min = const, in most of the regions considered, notably, in the regions where the solar-system tests take place. Since the main errors committed on the total solution are to be confined near the boundary layers, or in regions where the solution is already small, the global solution is reliable, particularly, for the application of those tests. In the past that method has been applied to the original chameleon equation [49] providing accurate results, notably in the thin-shell regime.
There exists also a linearization method that consists of linearizing Eq. (51) around a unique cosmological background R 0 , however, this method is flawed as it does not allow for the screening effects to appear (see Appendix A).
As mentioned in Section IV, the corona has to be taken into account in the theoretical model as it can affect the analysis of the chameleon-like effect. Hence, we consider a model with three layers: the Sun, its corona and the interstellar medium, each of them with constant densities, as follows:
Our model is simpler than others proposed in the literature [20, 23, 36] , where the density is not taken to be homogeneous within the different layers. This simplification allows us to obtain an analytic solution for Eq.(51), which it is not possible with a varying density model.
Nevertheless, in order to test the approximation (53) considered here, we also compute the value of γ by varying the size of the corona 9 , R cor = 2R ⊙ , 7R ⊙ , 14R ⊙ , but taking the same density, and find no significant differences in our results. Therefore, we believe that whether a particular f (R) model passes (or not) the solar-system tests is not due to the use of this simplified model for the Sun and its neighborhood, and so, the same conclusion is expected to hold if a more accurate model for the matter part is employed. In other words, from our analysis we have evidence that detailed matter models for the Sun and the corona are not crucial for the recovering or not of the screening effects.
Proceeding with the linearization of Eq. (51) around the three minima we have,
or equivalentlyR
where, as before, the index I stands for "in", "cor" and "IM", and the effective mass is given by Eq. (24). For the above equation to be valid inside the Sun, the f (R) theory under consideration must meet the following condition (see the Appendix B for the details):
where R T S is the solution of the equality m 2 eff (R − R min ) = −κρ 3fRR inside the Sun. Also, it is necessary that the Compton condition L ≫ (m cor eff ) −1 (L is the width of the corona region) is fulfilled inside the Sun's corona. If this condition is not satisfied, a new effective mass for the corona must be defined and the appropriate R cor min which is no longer a minimum should be calculated. In 9 We remind the reader that in our analysis we take Rcor = 15R ⊙ which is a quite conservative value. [20] with q = 2. A similar behavior of these quantities is exhibited by the other f (R) models (see Secs. II A and V). the next subsection we will mention for which particular model this last case applies.
According to Eq. (22), we define the effective potential V eff in such way that dV eff dR represents the r.h.s of Eq. (51) without considering the term with R ′2 . The latter will provide a non-linear termR 2 which we discard in the linear approximation. The derivative dV eff dR has two components dV /dR := (2f − Rf R )/(3f RR ) and dV mat /dR := kT /(3f RR ) whose behavior is depicted in Fig. 1 taking as an example the Starobinsky model [20] with q = 2 [cf. Eq. (8)]. It should be noted that for the other f (R) models we scrutinize, and which produce a successful background cosmology, the shape of the potential is very similar to the one shown in Fig 1. Although both the effective potential and its derivative are highly non-linear, the quadratic approximation of the effective potential is acceptable as long as the effects generated by the non-linearities are confined within a region adjacent to the two boundaries associated with the three layers (the edges of the Sun and the corona) at r = R ⊙ and r = R cor .
In order to solve Eq. (55) we impose regularity conditions at the origin r = 0, namelyR ′ in (0) = 0, and the asymptotic conditionR IM (R IM ) ≈ 0. The global solution for R I (r) = R I min +R I (r) is given by:
The integration constants C in , C 1 , C 2 and C IM , are fixed by matching continuously the solutions for R(r) at R ⊙ and R cor . The constant C in provides the value ofR at the origin r = 0. The explicit expressions for these constants are rather lengthy and not very enlightening, thus, we decided to omit them for brevity. When the screening effects are optimal one expects that in most of the Sun's interiorR in (r) ≪ R in min , and thus R(r) ≈ R in min , except within a narrow region near r = R ⊙ where R(r) falls-off exponentially to a value near R cor min . Similarly, within the corona R(r) ≈ R cor min and then again R(r) decreases exponentially until r = R IM . In this region and asymptoticallyR IM (R IM ) ≪ R IM min so that in the IM R IM (r) ≈ R IM min which is very small compared with the Ricci scalar near r = R ⊙ .
At this point it is convenient to stress some differences between our solution R(r) = R min +R(r) with the solution that results from the original chameleon model ϕ(r) when applied to the Sun solely (without the corona, for instance) and when the screening effects take place. In the region that extends to one A.U., and for typical values of its parameters, one finds that in the original chameleon model m IM eff r ≪ 1, thus, the exponential term is very close to unity. Hence, it is the analogous of the coefficient C IM that basically suppresses the difference ϕ IM (r) − ϕ IM min in the solar system. Such coefficient is directly related with the famous thin-shell parameter. In fact, one can define an effective thin-shell parameter by including the exponential term. However, as we just emphasized, the exponential term does not contribute much in that case. Notwithstanding, in the present case, something different occurs, namely, the exponential term, mainly in the corona and to a lesser extent in the interstellar medium, is fundamental to suppressR(r) and thus, it is essential for the f (R) theory to pass the solar-system tests. (It should be noted that the coefficient C 2 in Eq. (57) is almost negligible when m cor eff r ≥ 1 and thereforeR(r) in the corona behaves like a decaying exponential term). In other words, in the corona region,R cor (r) behaves like |ϕ(r) − ϕ min | except that the coefficient that multiplies the Yukawa term is not necessarily "small". Table III shows that the value of m eff R ⊙ 10 is different across the different regions of the solar system and this behavior occurs in each one of the particular f (R) models analyzed in this paper. Furthermore, it will be shown in Sec. V that only for those models where m cor eff R ⊙ ≫ 1, the suppression is effective and the model is able to pass the observational bounds. Therefore, it is the whole combination C 1 e −m cor eff r /m cor eff that should be considered as root of the screening mechanism under the current approach. Also, in this scenario and with m IM eff R ⊙ ≪ 1, C IM /m IM eff ∼ κρ cor R cor , from which it follows that the suppression ofR IM (r) depends mainly on the properties of the corona. This changes when m cor eff R ⊙ ≪ 1 since C IM /m IM eff ∼ κ(ρ cor + ρ ⊙ )R ⊙ causing the suppression to be much less effective. 
where we kept only the leading terms in agreement with the qualitative arguments presented in the previous section.
Here C cor ψ and C IM ψ are integration constants that are fixed when matching both solutions at R cor and when matching ψ cor (r) with the interior solution ψ in (r) at R ⊙ . Keeping the leading terms, we find: 
Regarding Eq. (42), we can integrate it in the corona region and in the IM using the solution (57) and neglecting the pressure term T r r and taking T t t = −ρ cor,IM to obtain:
The above equation has an additional term proportional toR IM (r)r when compared with Eq. (50). As we emphasized before, that term is also very small when the screening ensues, thus it is not very important if one includes it or excludes it ultimately. In Eqs.(63) and (64) we also keep the terms proportional to r 2 ρ cor,IM although they are negligible in the corona and the IM regions.
As can be noted from Eqs. 
We see then, that the PNP γ as defined above, depends actually on the coordinate r and on the f (R) model. Thus, we have to ensure that γ(r) outside the Sun (i.e., in the corona and in all the solar-system neighborhood) has to satisfy the observational bounds (1) for the cosmologically viable f (R) models.
V. RESULTS FOR DIFFERENT f (R) MODELS
We have applied the approach described in Section IV to obtain a prediction for the PNP γ (through an estimate for ǫ) for four f (R) specific models that have been presented in Sec.II A.
The Cassini mission established the constraint (1) by measuring the Shapiro time delay of radio signals [15] , and the VLBI interferometer also put a constraint |γ − 1| < 4 × 10 −4 measuring the light deflection due to the Sun [52, 53] .
For the parameter space analyzed in each f (R) model, the linearization of the effective potential inside the Sun turns to be a good approximation. For instance, the condition Eq.(56) is satisfied for all the f (R) models described below. The Compton condition (L ≫ (m cor eff ) −1 ) for the corona is also satisfied for all except for the logarithmic MJWQ model.
The Starobinsky f (R) model
When q ≥ 2 we find thatR cor (r) andR IM (r) are negligible almost everywhere as can be seen from Fig. 2 for the particular case q = 2. The largest gradients of R(r) are confined within a narrow shell near the surface of the Sun and adjacent to the corona (see Fig. 3 for a zoom). As we increase q, the effective mass increases with q as well since
causing e −m IM eff r /r ≪ e −m cor eff r /r ≪ 1 and making the regions whereR cor,IM is confined even narrower and closer to the Sun's border. Thus, R(r) behaves basically like a single step function (similar to GR under the constant density model for the Sun's interior) given that, outside the Sun R ⊙ r, the Ricci scalar is already very small compared with R in min ∼ κρ ⊙ inside the Sun. This behavior implies that the PNP γ satisfies the experimental bounds within the solar system by several orders of magnitude (see Fig.5 ). From Figure 4 one appreciates that decreasing the density of the corona reduces the screening effect as it generates smaller gradients on R(r). Thus, if one does not include the corona, which is equivalent to reduce the corona's density to the IM value, the screening effects become less effective. This behavior is common in the other f (R) models discussed below.
On the other hand, taking q = 0.4 and λ = 4, which satisfy the constraints considered in Sec. II of Starobinsky's paper [20] , the Ricci scalar R(r) differs substantially from the case q = 2 and λ = 1 (cf. Fig. 6 ). As a consequence the parameter γ, as depicted by Fig. 7 , fails the solar-system tests by more than four orders of magnitude. The difference between both cases can be explained by noting that when q = 2, m cor eff r ≫ 1 while if q = 0.4, m cor eff r ≪ 1 and therefore the Yukawa term in the corona produces much more screening as q is increased.
The Hu-Sawicki f (R) model
For n ≥ 4, R(r) has basically the same behavior that the Starobinsky model has with q ≥ 2 since m eff increases with n in a similar way as the effective mass of the previous model does with q. We conclude that the observational bounds imposed on γ are satisfied for this model as well.
Exponential f (R) model
For this model with R * = 2.5H 2 0 and β = 2, the behavior of R(r) is practically the same as the successful Starobinsky and Hu-Sawicki models, thus, the solar-system tests are passed also in this case. Figure 2 . The constraint from the Cassini mission is shown as a horizontal dotted red line. Figure 8 shows that the Ricci scalar R(r) with R m = H 2 0 and α = 2 does not reach its minimum in the corona, not even in the IM region, and decreases very slowly with a profile different from a step function. In particular, this behavior is because the Compton condition (L ≫ (m cor eff ) −1 ) is not satisfied in the corona. Therefore, m cor eff is replaced by L −1 and the approximation of the effective potential is performed around a "new" R cor min which is not anymore a minimum of the effective potential and satisfies L −2 = (f R − Rf RR )/(3f RR )| R cor min [54, 55] . However, overall, the method is at least almost the same and the result for R(r) can be seen in Fig.(8) . In this caseR(r) is not suppressed at the exterior of the Sun and as a consequence the parameter γ is incompatible with the observations (cf. Fig. 9 ). 
VI. COMPARISON WITH OTHER RESULTS
In this section we compare our analysis with other studies from the past [1, 19, 22, 23, 36, 56] where f (R) models were confronted with the solar system, as well as with other tests, and where the PNP γ is estimated following different approaches and perturbative techniques.
In the analysis by Hu & Sawicki [36] , a linear approximation for the metric perturbations is performed using isotropic coordinates, as opposed to the area coordinates used in the present work. The fundamental field used there for the chameleon-like analysis is f HS R 11
instead of R itself. In that work the authors assume |f HS R | ≪ 1 and f HS /R ≪ 1 ab initio and proceed by considering only the leading terms. They use the quantity ∆f HS R := f HS R − f HS R∞ as a perturbation around an approximate Minkowski background, where f HS R∞ is the value associated with the "galaxy" (f HS R∞ = f HS R (R g ) where R g ≈ κρ g with ρ g = 10 −24 g cm −3 ), which is the equivalent of our ρ IM . They consider an inhomogeneous model for the Sun and the corona, and thus, the density is not a simple step function. Under those approximations the quantity −∆f HS R turns out to be exactly equal to one of the metric perturbations, and thus, is directly related with the γ parameter (mutatis mutandis |∆f HS R | would correspond to our |ψ − φ|, and thus |γ HS − 1| = |∆f HS R /φ| = |1 − ψ/φ|). Hence, as far as ∆f HS R ≪ 1 one recovers the observational bounds on γ HS . The cosmological value f HS R0 used by HS is such
However, their results on |γ HS − 1| ∼ 10 −15 for n = 4 are almost insensitive to the possible values f HS R0 in the range 0-0.1. The Compton wave-length is λ HS ∼ 8300R ⊙ |f HS R0 |, which is much smaller than the solar-system size used there r ∼ 10 6 R ⊙ . Therefore, the Yukawa factor e −r/λHS /r ≪ 1 suppresses the perturbed field ∆f HS R considerably in the solar-system neighborhood.
Faulkner et al [19] also use the variable ϕ = f R as the fundamental chameleon field but perform all their calculations in the Einstein frame and after a long chain of steps they return to the Jordan frame in order to compare their results with the bounds on γ. They also use area r coordinates as we do. For the model f F (R) = R + (m − 1)µ 2 (R/µ 2 ) m − 2Λ considered by them, the Compton wavelength condition 10 10 A.U. λ F is found, and thus, the Yukawa factor does not contribute much to suppress the field, but it is rather their thin shell parameter ∆ which is responsible for the suppression, provided the parameter µ 2 /H 2 0 satisfies some constraints that depend on the exponent m = 1. At first sight it is intriguing that the authors include an explicit cosmological constant Λ since precisely one of the goals of f (R) gravity is to produce dynamically an effective Λ eff without an explicit Λ. However, it is after the authors consider the case m ≪ 1, for which their model reduces to a logarithmic one, that one realizes that the condition µ 2 /H 2 0 ∼ 10 −6 ≪ 1, is required to pass the solar-system tests, and therefore, that the only possibility to recover the cosmological observations as well is when Λ = 0, in which case their model becomes almost indistinguishable from f GR (R). In other words, it seems that their f F (R) model with Λ = 0 would be ruled out whether by the solar system or by the cosmological observations, in particular if m ≪ 1. The problem with this model is similar but opposite to the logarithmic model MJWQ (11) , which 11 According to the notation used here fours(R) = R + f HS (R).
can produce a relatively adequate background cosmology without an explicit Λ, but fails the solar-system tests. Notice that in the MJWQ the coefficient αR m ∼ H 2 0 , whereas in the Faulkner et al. with m ≪ 1, the coefficient is very small (µ 2 ∼ 10 −6 H 2 0 ). Conversely, if in the MJWQ one takes αR m ≪ H 2 0 , the solar-system tests would be recovered, but not the cosmological ones.
Another interesting analysis was performed by Guo [23] , which like in [19, 36] , the author promotes the variable f R as the fundamental field, and uses area coordinates as we do. The author remains in the Jordan frame as well. After attempting a first naive analysis, which is similar to ours as presented in Appendix A, leading to γ = 1/2, Guo implements the necessary modifications to recover the screening effects, only to realize that for an f (R) model to be compatible with the solar system observations the function A(R) = f (R) − R and its derivatives have to be very small compared with the GR expectations, namely |A| ≪ R, |f R | ≪ 1 and |f RR R| ≪ 1, which is somehow the same conclusion found in [19] . One faces again the same dilemma discussed above, that is, at cosmological scales f (R) gravity has to produce a late accelerated expansion but with a dynamic geometric dark energy, while, at local scales, the theory has to respect the solar-system tests. Thus, one can achieve very easily the above conditions in the solar system, but by failing the cosmological observations, unless an explicit Λ is introduced, in which case, one simply returns to the argument we discussed above within the Faulkner et al model. The challenge consists of precisely manufacturing non linear f (R) models that satisfy all the possible tests. For instance, clearly at the cosmological level one requires |A| ∼ R in order to produce an adequate cosmic acceleration, while in the solar system neighborhood |A| ≪ R. Thus, in both scenarios the "dynamics" of the model should be responsible to achieve what is needed to be successful, otherwise f (R) theory without an explicit Λ is basically an end road 12 . In order to understand better the chameleon mechanism, Guo proposes to use quantum-tunneling or instanton analogues, but at the end the author is compelled to solve numerically a non-linear equation for the field f R as everybody else. Guo analyzes a logarithmic f (R) model and also the simplest HS model (n = 1) 12 In our physics community sometimes authors take a different point of view and consider any non-linear f (R) gravity (including Λ), or any other gravitational theory for that matter, and then look to all its possible predictions, but without having any specific goal, like explaining a yet unexplained phenomenon. There will be some of those theories which will be compatible with the current observations while predicting new effects that could be validate or ruled out by new (unperformed) experiments. In other words, some physicist embrace the lemma by T. H. White, what is not forbidden is compulsory and then analyze the consequences of the proposed theory. Here, however, we have a very specific goal, which is to produce a geometrical dark energy model compatible with all the possible observations. using a non-homogeneous density model for the Sun immersed within a constant density background. The author concludes that the logarithmic model is basically ruled out. As for the HS model, the author solves a kind of chameleon equation, and from its behavior, claims that the solar-system tests are passed but without offering a further scrutiny on γ as we do here. Finally, we stress that the review article [1] , which follows closely the one by Chiba [56] as regards the discussion on the the solarsystem tests, only provides the naive approximation that neglects the screening effects (see Appendix A) which is unsuitable to recover γ ∼ 1. The authors do not perform explicitly the analysis by taking into account the screening effects, but mention briefly some possible solutions using it.
VII. CONCLUSIONS
In this paper we have performed a thorough and careful, albeit simplified, systematic analysis of f (R) models within the framework of the solar-system tests in the Jordan frame. We use the Ricci scalar itself as fundamental variable and provide the full system of equations required to perform both, the full non-linear as well as a non-standard perturbative analysis. We limit ourselves to the latter and leave the full non-linear study for the future. The non-standard linear analysis is similar to the one performed in the original chameleon equation, which consists of perturbing the field around the minima that appear when considering the effective potentials in several media of different densities. In the present case, we consider three media, the Sun, its corona, and the IM. Thus, we solve a kind of perturbed chameleon equation for R in the three media, and match the solutions at the boundary layers. The matching of these solutions is the mechanism that allows one to incorporate the nonlinearities in the model in a simplified way. As far as we are aware, this is the first time that this kind of approach has been applied to f (R) models directly without the incorporation of new field variables that can be problematic (i.e. leading to multivalued potentials). A similar approach is followed by Guo [23] , but ultimately the author is unsuccessful in providing a clear-cut and general method, and at the end the analysis is fairly inconclusive in the relationship between the screening mechanism in f (R) and the r dependence of the effective γ parameter. On the other hand, the Hu-Sawicki perturbative analysis is rather exhaustive but limits itself to their model without providing the full non-linear equations for the static and the spherically symmetric case. Other studies [21] , simply follow, mutatis mutandis, the chameleonlike methods in the Einstein frame that we discussed in our comparison Section VI with the limitations they entail when applied to f (R) gravity.
We hope to overcome our numerical limitations and implement better techniques in order to tackle the full nonlinear problem which consists of solving Eqs. (8)-(10), in the solar system neighborhood, even if the gravitational field there is weak. That study will allow us to quantify more clearly the extent to which our non-standard linear analysis is reliable. Notably, when the sources become more compact and gravity stronger.
where the effective mass is taken like in (24) but in vacuum and evaluated at the minimum R 0 :
and the minimum R 0 satisfies Eq.(22) taking T ≡ 0:
In (A1) the contribution T for the matter perturbation is taken only within the Sun. Outside T ≡ 0. Thus, this is a generic equation, and below we provide its solutions inside and outside the Sun and their matching at its surface. From now on, we assume that f (R) is a non-linear model, and thus f RR0 = 0. Furthermore, we require f RR0 > 0 in order to avoid tachyonic instabilities [50] . This condition holds in all viable cosmological nonlinear f (R) models analyzed so far. Since R 0 ∼ H 2 0 , then m eff,0 r ≪ 1 within the solar system, and Eq. (A1) reduces even further:
Moreover, at R 0 we have
At this point we cannot take the GR limit any longer, since Eq.(A4) implies that the relationship betweenR and T is differential and not algebraic. In principle, the recovering of the GR expectations at the solar system would come naturally from the behavior ofR, but this will not be the case given that we have inhibited implicitly the possibility of any kind of suppression by a screening mechanism by virtue of the wrong assumptions.
By using the non-relativistic and incompressible fluid approximation T ≈ −ρ ⊙ = const in the interior of the Sun, and neglecting the IM, we can solve Eq.(A4) inside and outside the Sun and match the two solutions continuously at R ⊙ . The final result is
(A6) where we imposed the regularity conditionR ′ in (0) = 0 at the center of the Sun and by convenience set to zero the integration constant at the exterior. In principle if we extrapolate the exterior solution to r = ∞ the solution R(r) =R(r) + R 0 reaches the cosmological value R 0 at spatial infinity. Here the mass M ⊙ = 4πρ ⊙ R 3 ⊙ /3. This solution agrees, for instance, with Eq. (114) of Ref. [1] . Notice thatR out (r)
It is then expected that this solution will disturb considerably the solar-system tests, as we will show next.
Using the interior solutionR in (r) in Eq. (29) taking R min = R 0 together with the condition (A5) we obtain
By the arguments given previously, all the terms with
the neighborhood of the Sun. Moreover fR 0 R0fRR 0 are of order unity. Therefore with a very good approximation we have when taking ρ = ρ ⊙ for the interior solution, we appreciate that both differ by a factor 2/(3f R0 ), which will be also manifested in the solution itself. Equation (A8) can be easily solved
In a similar way, we obtain the exterior solution by using the exterior solutionR out (r) in Eq. (29)
Integrating we obtain
(A11) where const is an integration constant. We take this solution to be valid for r 150 A.U. In this region the second term is very small compared with the first one since the leading term will be ∼ G 0 M ⊙ /r when matching with the interior solution. Finally we obtain 
(A13) We stress again that this solution is continuous at R ⊙ but its derivative is not defined there. The exterior solution coincides, for instance, with Eq. (131) of Ref. [1] .
As concerns the solution for φ, instead of using Eq. (38) we use Eq. (42). By the same arguments given before, all the terms that involve R 0 = Λ eff will provide, once the solution ofR(r) is replaced, terms containing dimensionless factors R 0 r 2 which are very small compared with the rest of the terms. So we shall neglect them, as well as the pressure, and obtain
We remind the reader that in GR we have instead Eq. (43) . The interior solution of Eq. (A14) reads then
which is valid for 0 ≤ r ≤ R ⊙ and where we introduced an integration constant. When replacing the interior solutions given by Eq. (A13) and Eq. (A6) we obtain
(A16) The integration constant will be determined when matching the interior and the exterior solutions at r = R ⊙ .
The exterior solution in vacuum is given by:
For r ∼ 150 A.U., φ out ∼ 0, so we can neglect the integration constant. When replacing the exterior solutions given by Eq. (A13) and Eq. (A6) yields
(A18) Matching φ in (R ⊙ ) = φ out (R ⊙ ) we obtain the complete solution which is summarized as follows,
1 r (R⊙ ≤ r 150 A.U.) .
(A19)
The metric perturbation φ(r) and its derivative are both continuous at r = R ⊙ , unlike ψ(r), which is continuous but not its derivative.
The solutions Eq. (A13) and (A19) coincide with the exterior solutions of Guo's Ref. [23] 14 . The interior solution ψ in (r) also agrees with Guo's B(r), however, there is a discrepancy between our φ in (r) and Guo's interior solution for N (r). Furthermore, the interior Schwarzschild solution of GR at order r 2 agrees with our interior GR solution φ in (r), but it does not agree with Guo's interior solution 15 Nevertheless, these differences do not change the conclusions, since the relevant quantities to compare with observations are the exterior ones. In any case, and as the title of this Appendix indicates, this analysis is flawed as it turns to be inconsistent with observations. We see that the PNP γ = ψ out /φ out ≈ 1/2 independently of the non-linear model f (R). Since the observations indicate |γ − 1| 2.3 × 10 −5 , thus, this naive analysis implies that all non-linear f (R) models are blatantly ruled-out by about four orders of magnitude. Nonetheless, the main goal of the paper was to show that this (naive) conclusion is actually wrong. In the above linear analysis we completely neglected the screening effects by perturbing the scalar DOF only around the cosmological background, instead around the minima inside and outside the Sun. This amounts to neglect the equivalent potential resulting when treating f (R) theory as a kind of Brans-Dicke (or chameleon) theory without the kinetic term for the field χ, i.e., with ω BD ≡ 0. The naive Brans-Dicke approach leads then to γ = 1/2, as well.
14 In Ref. [23] a different notation for the metric is used, so to match the notations one should use 1−2φ = N (r) and 1+2ψ = 1/B(r). For the latter, B(r) ≈ 1 − 2ψ. 15 From Eq.(43) we obtain 1 − r 2 2r 0 2 . In the case of the Sun, r 0 stands for R ⊙ and M for M ⊙ . So even if this solution correctly matches the exterior solution at r = r 0 , it does not agree with our solution in the interior neither does it recover the solution of GR.
Appendix B: Robustness of the quadratic approximation in the effective potential In Section IV B, Eq. (51) was solved using a linearization of the effective potential around its minimum in each region of the solar system. However, this approximation is not always the most appropriate. For example, in dense regions it may happen that κρ 3fRR ≫ 2f −RfR 3fRR , in which case a more suited approximation to Eq. (51) is
So, in order to determine which of the two approximations is better, we proceed with the following analysis which is inspired by the development presented in [58] .
We call R T S the value of R for which dV lin dR = dV mat dR .
(B4) Figure 10 shows that if R < R T S , dVmat dR is a good approximation to the derivative of the effective potential and therefore Eq. (51) can be approximated by Eq. (B1) while if R > R T S the linear approximation to the derivative of the effective potential Eq. (54) is the appropriate one.
Let us consider at this point a symmetric spherical body with density ρ and radius R c , surrounded by a region of lower density ρ out . If R(r) is the solution of Eq.(B1) throughout the region of density ρ, it must satisfy
and it is useful to remember that R(r) reaches its maximum value at the center of the body. Next we develop the previous expression to obtain a condition that depends only on the minima of the effective potential and the physical parameters of the problem. Unfortunately, for most of the f (R) models Eq.(B1) cannot be solved analytically nor its r.h.s can be linearized. However, according to Figure 10 , dVmat dR can be well approximated by dVmat(RT S ) dR when R < R T S , which is the region where Eq. (B5) holds. Therefore, we replace f RR with f RR | RT S = f RRT S in Eq. (B1).
Considering now the case of the Sun surrounded by the interstellar medium, the inequality (B5) can be rewritten as: Consequently, when the above condition is not satisfied, the solution that results from linearizing the effective potential around its minimum (the one used in this paper to solve Eq.(51)) is a better approximation. Moreover, when (B6) is not satisfied, but its opposite is, we have instead the following condition written in dimensionless form: 
Therefore, the solution that results from linearizing the effective potential around its minimum is a better ap-proximation when the opposite of inequality (B9) holds, that is, when the following condition is satisfied
When m in eff R ⊙ ≫ 1 ≫ m cor eff R ⊙ , the above condition can be approximated by
but if m cor eff R ⊙ ∼ 1, the r.h.s of (B11) is replaced by 2/3; whereas if m cor eff R ⊙ ≫ 1, the r.h.s changes to 1/3.
